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A s y s t e m  of hydrodynamiea l  equations is der ived,  descr ib ing  the col lapse of a thin annular  f i lm 
of non-Newton[an fluid in axial  impact .  Exact  solutions are  obtained and the cavity col lapse  
c u r v e s  calcula ted fo r  ce r t a in  spec ia l  c a se s .  

The need to invest igate  the behavior  of a thin pseudoplast ic  i n t e r l aye r  between solid impact ing su r faces  
a r i s e s  in a number  of technological  p rob l em s  connected with the theory of p r e s s u r e  t r ea tmen t  of p las t ics ,  
hydrodynamic  lubricat ion theory ,  etc.  

The p rob lem of a non-Newton[an squeeze f i lm in axial  impact  has been solved e a r l i e r  [1, 2]. The p r e s -  
ence of a gas- f i l l ed  cavity in the f i lm compl ica tes  the solution of the p rob lem due to the necess i ty  of accounting 
fo r  radia l  fluid flow not only outward, but a l so  toward the impact  s y m m e t r y  axis .  The same considerat ion 
dis t inguishes  the p re sen t  case  f rom the col lapse  of a spher ica l ly  s y m m e t r i c  cavity in an unbounded fluid volume 
when the p r e s s u r e  is increased to infinity. 

We reca l l  that the components  of the s t r e s s  devia tor  a re  related to the components  of the  s t r a i n - r a t e  
t ensor  as follows for  a non-Newton[an fluid obeying a rheologicai  power Law [3]: 

n--1 

sii = 2rn 12dodii t Y - d o ,  (1) 

where  m and n a r e  e m p i r i c a l  constants  of the m a t e r i a l ,  which depend, in genera l ,  on the p r e s s u r e  and t e m -  
p e r a t u r e ,  though n only very  weakly so. F o r  pseudoplas t ic  m a t e r i a l s  we have 0 < n < 1. In the l imit  n = 0 or  

n = 1 we obtain analogous re la t ions  f rom (1) for  an idea[  r igid plas t ic  body and a no rma l  (Newton[an) fluid, 
re spect ive ly. 

In the a x i s y m m e t r i c  squeeze flow of a thin (5 << R) fi lm we have u >> v and au /~z  ~> 0u/Or.  These  con-  
dit ions reduce  (1) to th e following s imple  re la t ion  between the tangential  s t r e s s  and shear  ra te :  

au ,, aa 
% ~ = m  ~ sign (2) 

I o z  ! Oz 

I t  follows f r o m  (2), in pa r t i cu la r ,  that the apparen t  v iscos i ty  for  pseudopias t ic  m a t e r i a l s  

t t ~ = m l  as I "-I 
i - T Z  

d e c r e a s e s  with the shea r  r a t e .  

w e  cons ider  an axial  impact  with velocity w 0 < 0 against  an incompress ib le  non-Newton[an fluid f i lm 
occupying a nar row gap between the p l ane -pa ra l l e l  su r faces  of a s t r i k e r  and anvil of equal  radius R. 

At the cen te r  of the f i lm,  aligned with the axis  of the s t r i ke r ,  is a cyl indr ica l  cavity of radius  r 0 and 
height 50 equal  to the fi lm thickness .  The cavi ty  is filled with an ideal gas with initial  p r e s s u r e  Pa. 

We place the origin of a cy l indr ica l  coordinate  sy s t em at the cen te r  of the cavity on the sur face  of the 
anvil. 
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F o r  smal l  Reynolds numbers  Re ~ p0u5 /~a ,  u ~ w i t / 5  the motion of the fluid is descr ibed  by the sy s t em 
of equations of lubr icat ion theory;  in the a x i s y m m e t r i c  case  for  5 o << R this s y s t e m  takes the fo rm 

Op 0 ( Ou i~-z Ou ) 0p =0; 
�9 ~ _ t , ~ n  _ . _ , 

Or Oz , Oz ' Oz l Oz (3) 

1 Our Ov 
- -  + - -  =0. 

r Or Oz 

The boundary conditions for (3) include the following: no-sLip conditions between the fluid and the contact sur- 
face s: 

u(r, O) = u(r, 5) = O; (4) 

v(r, 0 ) = 0 ;  v(r, 6 )=w;  

ze ro  net tangential  s t r e s s  at  the boundary of the cavi ty;  and equality between the no rma l  s t r e s s e s  and p r e s s u r e  
in the gas  at  the boundary.  The la t ter  conditions can with acceptable  accuracy  be replaced by the following 
approx imate  p r e s s u r e  conditions: 

p(R, 6 )=pa ;  P(r+, 6)=pb.  15) 

It  may be a s sumed  that the c o m p r e s s i o n  of the gas in the cavity is adiabat ic  and that the radia l  velocity r+ of 
its wai l  is much s m a l l e r  than the veLocity of sound. Then the p r e s s u r e  in the gas  is uniform and equal to 

:~ 37 ~ 

=_ 8 ] 

To close the sy s t em  (3)-(6) we mus t  de te rmine  the dece le ra t ion  taw of the s t r ike r .  The veLocity w of the con -  
tact  sur face  coincides with the velocity of the cen te r  of gravi ty  of the s t r i k e r  only if the la t ter  is absolutely 

nondeformable .  If K -1 = ~ K[ "1 is the s t i f fness  of  the e lements  of the Load s y s t e m  (N is the number  of e l e -  

ments ) ,  then the d i sp lacement  of the cen te r  of gravi ty  of the s t r i ke r  is composed of the dec r ea se  in thickness 
of the f i lm and the e las t ic  deformat ion  of the sys tem.  Applying Newton's  law, we wri te  the equation of motion 

.1,1 6 - - 6  o. < p ) S 
d? K 

S = ~R'; < p ) = pb (---~- ) ~ 

of the s t r ike r :  

= < p > S ,  

R 

--~.,~- .... prdr. 
f - -  

(7) 

It follows f rom the equations of motion (3) and the boundary conditions (4) that 
n §  1 

u = f ( r ,  6 ) ( l i - - l - - q i  '~ ); q=2z /6 .  (8) 

Applying the equation of continuity and the boundary condition v(r ,  5) = w, we find 

{ = 2n + 1 wr + c 
n +- 1 26 r 

2 n - ~ -  I 
U d  

[ ( 2 n + l } ~ l - - n ( l •  ~ )]. 
2 (n =- i) 

(9) 

The minus sign is chosen for 0 -< ~) -< i (lower haft of the film), and the plus sign for I _< V _< 2 (upper half). 
Averaging u with r e spec t  to 7, we sat is fy  the condition at the boundary of the cavity 

�9 1 S r. -- u(r+, 5) dq 
2 

0 

and calculate  

C ~  
2 n + l  ( -  w r §  

r~ r+ ~ 
n -q:-, 1 ~ 26 
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We de t e rmine  the posi t ion  of the neu t ra l  line r ,  f r o m  the condi t ion f = 0: 

�9 1 / 9  
r. = r .  (t + 2fir+/wr+) '-. (10) 

We in t roduce  the d i m e n s i o n t e s s  v a r i a b l e s  ~ = r + / R ,  x = 5 o / 5  , y = w / w  o, a = r . / R ,  p = r / R ,  7" - t / t o ,  P = 
P / P o  and the p a r a m e t e r s  t o = Do/tWol , b = r e / R ,  P a  = Pa/Po,  Pb  = Pb/Po, 

po = 2m ( 2n + 1 )n lw0'~Rn+'= _ - -  

n a~ "+~ " 

Subst i tut ing (8) and (9) into the equat ion of mot ion (3) and 
mine the p r e s s u r e  p rof i l e :  

P 

\ r / --g lr162 

= p_aS/p;  g = x2n+t yn. 

We obtain an equat ion fo r  the cav i ty  rad ius  f r o m  (11), us ing the boundary  condi t ion 

in tegra t ing  it subjec t  to condi t ion (5), we d e t e r -  

(li) 

P (1, x) = P~ 

and t r a n s f o r m i n g  to d i m e n s i o n l e s s  v a r i a b l e s  in Eq. (10) and in the e x p r e s s i o n  w = d 5 / t i t :  

I 

dx 2 ~s ' 

dx 
= y x  ~. 

d~ 

0-2) 

Subst i tut ing (11) into (7) and denot ing a = p0 S / K S  0, /3 = P0SS0/Mw~, we obtain the s t r i k e r  dece l e r a t i on  equat ion:  

dy d2fl 
,'- a - -  + 8 1 I = 0 ,  

1 

n = < p >/po = P,~' ( ~x ~, j" \ ~ ] -1-2 Ppdp. 

(13) 

The  mot ion  of the fluid in the gap be tween  the impact ing  s u r f a c e s  c a u s e s  it to heat  up due to v i scous  d i ss ipa t ion  
of the m e c h a n i c a l  ene rgy  input. If the P6c le t  number  Pe  ~ p0cplwl 5 / X  >> 1, then the hea t - f low equat ion is 

wr i t t en  

In. In+ ,. dT = m ' (14) 
P~ dt Oz l 

H e r e  T is i n t e rp re t ed  as  the t e m p e r a t u r e  i n c r e a s e  (heating) of the fluid. 

It fol lows f r o m  (9) that  the flow ve loc i ty  g rad ien t  is a m a x i m u m  at the points ~ = 0.2 and the funct ion 
~fl a t t a ins  its l a r g e s t  va lues  at r = R ,  r+. I n a s m u c h  as (1 - ~))2 > 0, the quanti ty 

If (~)l/!f (1)t = (a~/~ - -  ~)/(I-- a S) :> 0, 

and so the heat ing of the fluid at  the boundary  with the cavi ty  is g r e a t e r  than the heat ing at the edge of the 
s t r i ke r .  Using the e x p r e s s i o n  

2n + 1 R d~ 

f (~)= n + 1 to d~ 

f r o m  (9) and (14) we obtain an equat ion fo r  the t e m p e r a t u r e  m a x i m u m :  

d~dO = ( - - x  d~ ) - 
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i ~ o  : 1"~ 0 = r/ro, To-- 2'~+'m ( 2 n + l  )n+~ . . . .  +1 (15 ) 

I t  c a n  be  shown tha t  the  so lu t i on  of the s y s t e m  of equa t i ons  (12), 0-3), (15) r e d u c e s  to  the c l a s s i c a l  Cauchy 
p r o b l e m  f o r  an a u t o n o m o u s  s y s t e m  of s e v e n  f i r s t - o r d e r  equa t i ons  wi th  i n i t i a l  c ond i t i ons  

x ( 0 ) = l ,  Y(0)=  1, ~ ( 0 ) = b ,  a ( 0 ) = a 0 ,  0 ( 0 ) = 0 ,  
1 p 

II (0) = b2Pa + 2  t" Popdp; Pc = Pa - -  J" I%1 n-~ %dp, 
b 

21 
r = P - -  a0~p, /t (0) = - -  ~)II (0), 
1 ao 

f i*Olrl--1 ~l)~ -~ S !l~~ *Odp = O. 
ao b 

T h e  d i f f i cu l t y  of so lv ing  the s y s t e m  0-2), (13), (15) a n a l y t i c a l l y  l i e s  p r i m a r i l y  in the i m p o s s i b i l i t y  of compu t ing  
the i n t e g r a l s  of ,d ,n fo r  a r b i t r a r y  n. In s p e c i a l  c a s e s ,  f o r  e x a m p l e ,  n = 0 and n = 1, they a r e  r e a d i l y  c o m p u t e d ,  
and e x a c t  s o l u t i o n s  e x i s t  if  a d d i t i o n a l  a s s u m p t i o n s  a r e  app l i ed  to the i m p a c t  p a r a m e t e r s .  

F o r  n = 1 we have  m = p ,  and f r o m  (11) we d e t e r m i n e  the p r e s s u r e  d i s t r i b u t i o n  [4]: 

~ ~ j - e  2 , ~ l n ~  . 

If  the s t r i k e r  is  a b s o l u t e l y  n o n d e f o r m a b l e  (a = 0) and h a s  a m a s s  much  g r e a t e r  than the m a s s  of the f luid (t3 = 
0), then  fo r  z e r o  c o u n t e r p r e s s u r e  of the gas  in the  cav i t y  (Pa = 0) Eqs ,  0-2), 0-3), and (15) have  the so lu t ion  

g = l ,  x = ( 1 - - x )  -1, z = : l - - A ( 1 - - ~ 2 + 2 ~ l n ~ )  -1, 

a 2 = _  1 - - ~ .  O-- 1 ~t" (1--q+qlnq)" dq< 1 In ln~_.~ . 
21n~ ' 4A ~ qlnq 4A s lnb ' 

b: 0-6) 

A = l - - b  2 + 2b ~lnb, 

II = (1 - -~  2) (1+  ~2--  2a2) Xa/4. 

It fo l lows  f r o m  0-6) that  the c o l l a p s e  t ime  of the c a v i t y  is  f in i t e :  ~'c = 1 - A .  F o r  ~ ---- 0 we have  x c = A -1, a c = 
O, II c = 1 / 4 A  3, and 

0 c ~ In iln ~1 --~ oo. 

F o r  n = 0 we have  m = k, and f r o m  0-1) we d e t e r m i n e  the p r e s s u r e  p r o f i l e :  

p =  / P b q - g ( p - - ~ )  for ~ < p < a ,  
[pb-+-g(2a--~--p) for a < p < l ,  

a - -  2 x ~ , ~  ! 

F o r  o~ = /3 = P a  = 0 we find the flow p a r a m e t e r s  

y = l ,  x = ( 1 - - r )  -1, x =  1 - - B ( I - - ~ )  -2(1T3~) . . . .  _ 3, 

b 
a=( l+~) /2 ,  0 = B  S( l - -q)2( l+3q)~- /Sdq '  (17) 

B = ( l - - b )  2 (1+3b) -~/3, II = x ( l +  ~Z_2a3)/3. 

I t  f o l l o w s  f r o m  (17) tha t  f o r  ~ ~ 0 the t i m e  r e = 1 - / 3  and 

xc= B -1, a c= 1/2, H c = l / 4 B ,  

Oc__=B{(l_~3b)S/s[ 16 3 (1-+-3b) -+- 1 ] 1 45 24 9-9 (1 +3b) 2 --0.4705 . 

The  cav i t y  c o l l a p s e  c u r v e s  a r e  g iven  in F i g .  1 in 6 o o r d i n a t e s  ($, ~-) fo r  the c a s e  c~ =/3 = Pa  = 0 wi th  n = 1 (curve 
1) and n = 0 (curve  2) f o r  b = 0.5. F o r  a l l  0 < n < 1 the c u r v e s  ~ (~-) a r e  obv ious ly  s i t u a t e d  be tween  the i nd i ca t ed  
euryes. 
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a -r ~-9 z 

Fig. 1. Cavity radius  ve r su s  impact  t ime.  

We can analyze the dynamics  of collapSe of the cavi ty  in the absence of outward squeeze flow of the fluid, 
i .e . ,  when u(R, 6) = 0. Equations 0-2), 0-3), and (15) a r e  applicable to this case  if we put a = 1. 

In pa r t i cu la r ,  for  n = 1 and a = t3 = Pa  = 0 we find" 

, ~ = I - - D ( I _ _ ~ ) - x = I _ _ x - 1 ,  D=l--b  ~, 
b 2 

O-- 1 I" (l--q)4 dq.< 1 In b 
4D" �9 q 4D---~ ~ , (iS) 

II --=- x ~ [~ ( t - -  ~2/4) - -  in ~ - -  3/4]. 

In the case  n = 0 

T = I - - D ( I - - ~ 2 )  - I =  I - x - l ,  

0 = D -~ [b ( I - -  b213) - -  ~ ( I - -  ~2/3)1, 

II = x [2/3 - -~  (1--~2/3)1. 

(19) 

It  follows f rom 0-8) and (19) that the col lapse  cu rves  } (T) coincide for  n = 0 and n = 1. Clear ly ,  the same is 
t rue  fo r  all  other  0 < n < 1. The curve } if) for  b = 0.5 is given in Fig. 1 (curve 3). Note the apprec iab le  r e -  
duction in the col lapse  t ime of the cavity in t rans i t ion f rom f ree  flow (allowing outward squeeze flow of the 
fluid) to closed flow (outward flow excluded). 

N O T A T I O N  

r ,  z, cyl indr ica l  coordinates ;  u, v, rad ia l  and axial  components  of fluid velocity;  p, p r e s s u r e ;  Pa- e x t e r -  
nal (a tmospheric)  p r e s s u r e ;  Pb, gas  p r e s s u r e  in cavity;  <p}, aver.age p r e s s u r e  over  s t r i k e r  radius;  R, s t r i k e r  
radius;  r0, initial cavity radius;  r+,  instantaneous cavity radius;  r+, velocity of cavity wall;  5, thickness of 
fluid film; r , ,  coordinate  of neutra l  line; w, velocity of s t r i k e r  contact  sur face ;  t, t ime;  m,  n, theologica l  
constants  of fluid; p,  dynamic v iscos i ty  of fluid; k, yield point of solid in pure shear ;  ~/, adiabatic  exponent 
of gas; P0, fluid density;  Cp, specif ic  heat  at constant  p r e s s u r e ;  ~, t he rma l  conductivity; T,  absolute t e m p e r a -  
ture ;  si j ,  s t r e s s  devia tor ;  dij,  s t r a i n - r a t e  tensor ;  Trz, shea r  s t r e s s ;  Pa, effect ive v iscos i ty  of fluid; K, s t i f f -  
ness  of impact  s y s t e m  e lements ;  c, constant  of integrat ion in Eq. (9). 
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